Spin noise spectroscopy to probe quantum states of ultracold fermionic atomic gases 
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Ultracold alkali atoms 0, Q Q provide experimentally accessible model systems for probing 
quantum states that manifest themselves at the macroscopic scale. Recent experimental realiza- 
tions of superfluidity in dilute gases of ultracold fermionic (half-integer spin) atoms 0, 0, offer 
exciting opportunities to directly test theoretical models of related many-body fermion systems 
that are inaccessible to experimental manipulation, such as neutron stars [g and quark-gluon plas- 
mas Q. However, the microscopic interactions between fermions are potentially quite complex, and 
experiments in ultracold gases to date cannot clearly distinguish between the qualitatively different 
microscopic models that have been proposed Hfl ("TO. [T^. . Here, we theoretically demonstrate 
that optical measurements of electron spin noise [l4lllal - the intrinsic, random fluctuations of spin 
- can probe the entangled quantum states of ultracold fermionic atomic gases and unambiguously 
reveal the detailed nature of the interatomic interactions. We show that different models predict 
different sets of resonances in the noise spectrum, and once the correct effective interatomic inter- 
action model is identified, the line-shapes of the spin noise can be used to constrain this model. 
Further, experimental measurements of spin noise in classical (Boltzmann) alkali vapors are used 
to estimate the expected signal magnitudes for spin noise measurements in ultracold atom systems 
and to show that these measurements are feasible. 



PACS numbers: 03.75.Hh,03.75.Ss,05.30.Fk 

Owing to their perceived simplicity, the properties of 
dilute degenerate fermionic systems arc sometimes at- 
tributed universal character Q, an assertion that must 
be called into question if the interaction between de- 
generate alkali atoms turns out to be complex. It is 
thus unfortunate that the nature of the effective inter- 
atomic interactions remains an outstanding fundamental 
issue. Specifically, the role played by the underlying hy- 
pcrfine atomic-level structure is not yet understood. To 
date, experiments on ultracold fermionic atom gases can 
be interpreted equally well using qualitatively different 
models for the effective interactions, such as the Fermi- 
Bose 0, El or the multi-level models El- Hence, 
new experimental observables are needed to distinguish 
between these competing models, and the principal dis- 
tinctions between current models will lie in their pre- 
dicted excitation spectra, which are not yet well studied. 

The excitation spectra of physical systems are often 
studied by measuring their response to an external per- 
turbation. Alternatively, measuring the spectrum of in- 
trinsic fluctuations of a physical system can provide the 
same information, and these "noise spectroscopies" often 
disturb the physical system less strongly and scale more 
favorably with system size reduction. At very low tem- 
perature, noise from quantum fluctuations of an observ- 
able that does not commute with the Hamiltonian of the 
system can be used as a probe of the system properties. 
Electron spin is not a good quantum number in alkali 
gases, and fluctuations of electron spin can be measured 
using optical Faraday rotation. The electron spin noise 
spectrum consists of a series of resonances occurring at 



frequencies corresponding to the difference between hy- 
pcrfine/Zceman atomic levels. The integrated strength 
of the lines gives information about the occupation of 
the atomic levels, while the line shapes depend on the 
properties of the condensed atomic state. It is precisely 
the spectroscopic nature of the electron spin noise mea- 
surement that allows it to distinguish between various 
many-body models for the quantum states of ultracold 
fermionic atom gases: different models predict entirely 
different sets of resonances in the noise spectrum, and 
once the correct effective interatomic interaction model 
is identified, the line-shapes of the spin noise can be used 
to constrain this model. 

To measure the electron spin noise via Faraday spec- 
troscopy, a linearly polarized laser beam, with photon en- 
ergy tuned near but not exactly on the s-p optical transi- 
tion of the outer s-orbital electron, traverses an ensemble 
of alkali atoms ■ The rotation angle of the laser polar- 
ization traversing the sample is measured as a function 
of time. The time average of this rotation angle van- 
ishes, but the noise power spectrum of the rotation angle 
shows distinct peaks. In the electronic ground state (s- 
orbital) there is a strong hypcrfine coupling between the 
nuclear and electron spins. For the electronic p-orbital, 
the hyperfine splitting is weak, however there is a strong 
spin-orbit coupling between the p-orbital and its spin. 
The laser photons directly couple to the spatial part of 
the electron wave function, but because of the spin-orbit 
splitting in the final state of the optical transition there 
is an indirect coupling between the laser photons and the 
electron spin. A fluctuating birefringence, that is a dif- 
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ference in refractive index for left and right hand circular 
polarizations, results from quantum fluctuations in the 
electron spin and leads to rotation of the polarization 
angle of the laser. The experiment is sensitive to fluctu- 
ations of electron spin projection in the direction of laser 
propagation. 

The Hamiltonian describing the system of alkali atoms 
consists of a sum of one- and two-atom terms. The one- 
atom Hamiltonian includes the kinetic energy, the Zee- 
man interaction, and the hyperfine interaction between 
the nuclear spin / and the electron spin s. The single- 
atom eigenvectors, the starting point for describing the 
many-body system, arc obtained by diagonalizing the 
one-atom Hamiltonian. This Hamiltonian preserves the 
projection of total angular momentum, F = s + I, in 
the direction of the applied magnetic field. The one- 
atom matrix elements can be grouped into 2-dimcnsional 
blocks involving the basis states \I mi)\W) and \I mj + 
1)| | — i), except for the states \I, nij = +I)\~), and 
\I, mj = — J}|| — i), which do not couple. The single- 
atom energies vary smoothly and do not cross with in- 
creasing magnetic field so the single-atom states can be 
labelled unambiguously by, \Ftjif), where nif is a good 
quantum number, but F is only a good quantum number 
at zero magnetic field. 

In general, the projections of electron spin are not good 
quantum numbers of the one atom Hamiltonian. At mag- 
netic fields where the hyperfine interaction is comparable 
or larger than the Zeeman splitting, the electron and nu- 
clear spins are entangled and no projection of electron 
spin is a good quantum number. At strong magnetic 
fields, where the Zeeman splitting is much larger than 
the hyperfine interaction, the electron spin projection in 
the direction of the magnetic field becomes a good quan- 
tum number, but electron spin projection orthogonal to 
the magnetic field is not. Faraday rotation is sensitive 
to fluctuations of the electron spin in the laser propaga- 
tion direction. Thus at magnetic fields where the hyper- 
fine interaction is comparable or larger than the Zeeman 
splitting, noise spectroscopy can be performed with the 
magnetic field cither parallel or orthogonal to the direc- 
tion of laser propagation whereas in the opposite limit, 
the magnetic field must be orthogonal to the direction of 
laser propagation. 

For a Gaussian optical beam profile, the polarization 
rotation angle noise is 



optical resonance, r$ is the classical electron radius, too 
is the electron mass, < S'IpkIP^ > is the momentum ma- 
trix clement for the optical transition, and the optical 
beam area is A = nqo 2 where go is the radius at which 



the beam intensity drops to 1/e of its peak value, 
electron spin response function S(co) is 



The 



SM = ^/ d(e '"'/ 



d s r{<r,(r,t)<7,(0,0)), (3) 



where z is the direction of laser propagation, a z (r,t) is 
twice the z-projection of the electron spin density opera- 
tor, and S(u>) satisfies the sum rule 



dui S(uj) = 2n . 



(4) 



The spin response function S(lu) has peaks at frequencies 
near the separation between single atom spin levels 



(5) 



where {i, j} label the single atom spin levels |(j|cr 2 |j}| 2 is 
a one atom matrix element that determines line strengths 
and selection rules, and S l ^ J (cu) contains information 
about the many-body state. The response function 
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Here po is the density of atoms, SI is the angular fre- 
quency of the laser, fl s - p is the angular frequency of the 



FIG. 1: [top] The Zeeman structure of 40 K (1=4), together 
with schematics of the 3- and 2-level models. In the 2-level 
model, only the two lowest hyperfine states are present, [bot- 
tom] Expected spin noise spectrum at the Feshbach resonance 
(B — 202 G), for laser propagation orthogonal to the mag- 
netic field. The highlighted transitions are not present in the 
2-level model, but are predicted in the 3-level model [T3 ]. In 
the 2-level model, lines 17 — 18 and 3—18 are forbidden, and 
line 1 — 2 has zero strength. Lines 3—18 and 2 — 17 are almost 
degenerate. 
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FIG. 2: Line-shapes for Type B transitions in the 2-level 
model. Type A transitions have zero strength in the 2-level 
model. 



S l ~*i(w) will only have strength if at least one of the 
states i or j has nonzero occupation. For laser propaga- 
tion orthogonal to the magnetic field the selection rules 
require that the one-atom quantum number, mj? change 
by ±1 between the two single atom levels. 

Equations (1) and (2) show that the noise signal de- 
creases linearly with inverse frequency detuning from the 
optical resonance. By contrast, the energy dissipated 
into the atomic system, either by optical absorption or 
Raman scattering, decreases quadratically with inverse 
frequency detuning. Thus noise spectroscopy measure- 
ments arc weakly pcrturbative in the sense that the noise 
spectroscopy signal deceases more slowly with inverse fre- 
quency detuning than does the energy dissipated into the 
system. 

The line shape of the response function (u>) gives 
information about the many-body quantum state which 
depend on the interatomic interaction. In current exper- 
iments, the system is initially prepared by equally pop- 
ulating the two lowest hyperfine states. However, sub- 
sequent variation of the magnetic field, induces virtual 
scattering processes of particles between all interacting 
atomic states. Most of the available experimental data, 
can be successfully interpreted in the framework of the 
2-level model 0, Hi! fljl Eoj , which only includes inter- 
actions between the lowest hyperfine levels. Spin noise 
spectroscopy can access physics beyond the 2-level model, 
and distinguish between Fermi-Bose [ToL Hll | and multi- 
level Hamiltonian models [lil ll3T | . 

A gas of 40 K atoms (J = 4) is an especially promis- 
ing system for studying models of the effective two-body 
interatomic interaction ^3]- For 40 K the subspace of in- 
teracting atomic states is very restrictive, because the hy- 
perfine coupling constant is negative so that the lowest 
energy state is nip = — |. Experimentally, 40 K atoms 
are trapped in the two lowest hyperfine states, |§,— §) 
and || , — |). In the s-wave limit, the open channel can 
couple to only one closed-channel state ||, — |), and the 
interacting part of the Hamiltonian reduces to a 3-level 
system. Figure ^ shows the schematics of the 40 K struc- 



ture, and the 3-levcl Feshbach resonance model [12j. We 
denote the atomic states |§, — §), |§,— |), and ||,— |), 
as 1, 2 and 18, respectively. In Fig, Q we also plot the 
expectation values of the spin-projection operators for 
transitions in the 3-level model. 

In the 2-lcvcl model, the noise spectrum consists 
of lines corresponding to occupied-to-occupicd and 
occupied-to-unoccupied states transitions. We use the 
Hartree-Fock-Bogoliubov (HFB) formalism to calcu- 
late the zero temperature spin-spin response functions 
S z ~ >j (uj). We find that the spin-spin response func- 
tion corresponding to a transition between two occupied 
states is 



S^ 2 (u;)^-N(k E )[(l-p kE )p kE 
Po 
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I E=(u) — 8 12 ) 



(6) 



where N(k) is the density of states, and p k = (a\a,k) 
and Kk = (dkCik) are the normal and anomalous densi- 
ties, respectively. In Eq. we denote by 612 the energy 
separation between levels 1 and 2. In the case of a tran- 
sition from an occupied (a) to an unoccupied state (6), 
the corresponding spin-spin response function becomes 



S a ^\u;)=-[N(k E ) p k 
Po 



ElE k +(e h -iJ.)=u>-5 a 



(7) 



where p is the chemical potential such that N% = N2 = 
po/2- Since, for any k value, p\ + nj, = pk, the strength 
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FIG. 3: Line-shapes in the 3-level model for 40 K. S 1 ^ 2 and 
S 1 ^ 18 are examples of Type A and Type B transitions, re- 
spectively. In the non-interacting limit, the lines of Type B 
become 5-functions while the lines of Type A disappear. 
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of the l—>2 (occupicd-to-occupied, or Type A) transi- 
tion vanishes in the 2-level model. The 2-level model for 
the line shape of the occupied-to-unoccupied (Type B) 
transitions depends on the dimensionless parameter 77 = 
(fepGi) -1 (see Fig. |2J). Here kp is the Fermi momentum, 
and a is the s-wave scattering length. In the normal phase 
(a — > —0), the line shape of a Type B transition becomes 
a delta-function located at the energy separation between 
levels 1 and 2. On the BCS side, the quasi-particle dis- 
persion exhibits a local minimum at a finite momentum 
value, and the corresponding singularity in the density 
of states [2(|, is reflected by the characteristic shape of 
the spin-spin correlation function. On the BEC side of 
the crossover, the singularity in the density of states is 
located at zero momentum, and the spin-spin correlation 
function has a smooth shape. The line shape of a Type 
B transition in the 2-level model provides an unambigu- 
ous signature for the presence of fermionic superfluidity 
in the system. 

The 3-level model involves the lowest two hypcrfinc 
levels, 1 and 2, plus the topmost hyperfine state de- 
noted by 18. In this model, the particle number con- 
straint becomes Ni = N 2 + Nis = po/2. Figure |21 shows 
the characteristic shape of the lines predicted by the 3- 
level model, as a function of the dimensionless parameter 
77 = (kpa)^ 1 . The top panel illustrates the line shape of 
Type A transitions, such as 1 — ► 2. The line shapes for 
Type B transitions are shown in the bottom panel. The 
contrast between the predictions of the 2-level and the 
3-level model are evident: In the 2-level model, the tran- 
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FIG. 4: Spectra of spin noise, measured via Faraday rota- 
tion, in a 41 K vapor at 184 °C (density N = 7.3 x 10 13 cm" 3 ). 
Peaks correspond to Am? = ±1 transitions. The probe laser 
(4 mW) is detuned 100 GHz from the Dl transition (4S , 1/2 
- 4P 1/2 ; 770 nm), and B± = 25.6 G. The vapor is con- 
tained in a 10 mm long cell, and the laser beam diameter 
(to 1/e peak intensity) is 65 /im. The noise data are shown 
in units of voltage (nVHz -1 ' 2 ), and Faraday rotation fluctu- 
ations (nradHz~ 1//2 ). The white noise floor is primarily from 
photon shot noise and amplifier noise. The discrete peaks 
show noise from electron spin fluctuations and have integrated 
values of 1.3, 2.3, 2.6, and 2.1 ^irad. Similar signal magnitudes 
are expected in ultracold atom systems (see text). 



sitions between the occupied levels, 1 — > 2, have zero 
strength independent of 77, while in the 3-lcvcl model the 
strength of the 1 — ► 2 transitions is nonzero. The tran- 
sitions 17 — ► 18, and 3 — > 18 are allowed in the 3-level 
model, but not in the 2-level model. 

Because of the sum rule (£fj, the expected signal 
strength for spin noise measurements in ultracold atom 
gases can be estimated from corresponding measure- 
ments in classical alkali gases. The theoretical results 
of Eq. JIJ apply to both classical and quantum gases. 
The parameters in Eq. are the same for the various 
isotopes of a given alkali atom. Figure 2| shows measured 
spectra of spin noise in a vapor of 41 K atoms at 184 °C. 
The discrete peaks, readily visible above the white noise 
floor, result from electron spin fluctuations. The inte- 
grated spin noise of the four peaks arc 1.3, 2.3, 2.6, and 
2.1 /irad, respectively The ratios of the measured in- 
tegrated spin noise powers compare very well with the 
theoretical results from Eq. (1). The overall magnitude 
of the detected spin noise is a factor 2.7 lower than theo- 
retical expectation, which may result from uncertainties 
in the laser beam diameter. In an ultracold gas of potas- 
sium atoms with a density of 10 13 cm~ 3 and a trap length 
of 0.2 mm, we expect a similar magnitude for the noise 
peaks with a 20 micron diameter laser detuned 15 GHz 
from the optical resonance. In ultracold fermionic atom 
gases the frequency detuning can be significantly less 
than 15 GHz and thus much larger noise signals than 
shown in Fig. (4) should be achievable. We conclude 
that spin noise measurements in ultracold gases of alkali 
atoms are feasible. 

In summary, we have shown that electron spin noise 
spectroscopy can be used to probe the quantum states 
of ultracold fermionic atomic gases. The measurements 
proposed here have the unique ability to unambiguously 
reveal the nature of the effective interactions present 
in these systems, and to distinguish between various 
many-body models for the quantum states of these 
systems. As a consequence, the 2-level model predicts 
that transitions between occupied atomic levels will have 
zero strength [2lJ. In contrast multi-level Hamiltonians 
allow for such transitions. In particular, ultracold 40 K 
atom gases represent an ideal test case, because the 
mechanism of the s-wave Feshbach resonance in this 
system consists of only three interacting atomic levels. 
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